Severe plastic deformation (strains > 100%) has been shown to create significant grain refinement in polycrystalline materials, leading to a nanometric equiaxed crystalline structure for such metals as aluminum, copper and nickel alloys. This process, termed continuous dynamic recrystallization, is governed by evolution of the dislocation structure, which creates new grain boundaries from dislocation walls. In the proposed model, plasticity occurs which firstly involves dislocation multiplication, leading to strain hardening limited by dynamic recovery. After a critical dislocation density is reached new grain boundaries are formed by condensation of walls of dislocations, creating a new stable configuration that is favored due to a reduction of the system free energy. This evolution of the microstructure continues to develop, with a consequent progressive decrease in the average grain diameter. The proposed model provides a quantitative prediction of the evolution of the average grain size, as well as the dislocation density, during continued plastic strain. The model can be calibrated by use of results from any experiment that involves large plastic deformation of metals, subject to negligible annealing effects. In this paper, the model has been calibrated, and consequently validated, through experiments on machining of Al 6061-T6.
Introduction
Grain refinement is an important feature in many thermo-mechanical processes involved in manufacture engineering, producing material that is much stronger than that without grain refinement. This phenomenon can be achieved in several ways, the most common one being the activation of recrystallization (RX) by severe plastic deformation (SPD), with a consequent decrease in the average diameter of the grains. Severe plastic deformation typically involves plastic strains greater than 1 in manufacturing processes such as machining or metal cutting [1] and equal channel angular pressing (ECAP) [2, 3] , the former being the most effective since the maximum amount of shear equivalent plastic strain can be up to 15 [1] . This processes are able to create grain sizes in the range of nanometers, and such nanostructured materials are known to have much higher strength than those having grain size on the micron scale. Grain boundaries act as barriers to dislocation motion, with pile-ups forming whose extent is constrained by the grain size so that the driving force for them to penetrate the barrier is limited, i.e. the Hall-Petch effect [4] [5] . As a consequence the yield strength of the material is inversely proportional to the square root of grain size, leading to significant strengthening in nanostructured materials. The driving force for RX is the energy stored in the network of dislocations that is generated during plastic deformation. A fraction of the plastic work associated with such deformation is stored in this dislocation network. Once this energy becomes excessive the system finds it thermodynamically more favorable to reduce its free energy by condensing the dislocation structure into new grain boundaries associated with small, lower dislocation density crystallites. A thermodynamically consistent model for RX during SPD, inspired by Le and Kochmann [6] , is proposed in this paper; it is described in Section 2, its calibration is reported in Section 3, computational results derived from the model are reported in Section 4 and compared with experiments on machining for the Aluminium Alloy Al 6061-T6 [1] , a discussion on the model and its comparison with other models is reported in Section 5 and its implementation in a finite element code is reported in Section 6.
Proposed Model
The mechanical properties of a material are defined by its microstructure, and plastic deformation in metals affects these properties by modifying microstructural internal variables that control them [7] . For example, a common model for yield strength in a metal superposes Taylor strengthening by dislocation-dislocation pinning [8] and the Hall-Petch effect [4] [5] due to dislocation pile-ups interacting with grain boundaries to give the yield strength in shear, t y , as [9] 
where a is a phenomenological constant for Taylor hardening (usually taken as unity), b is the Burgers vector, m is the shear modulus, r is the dislocation density l is the Hall-Petch coefficient, d is the current average grain size, and 0 d is a reference grain size that is sufficiently large so that the Hall-Petch effect is negligible at that grain size. Plastic deformation causes the dislocation density to increase by dislocation multiplication at sources in the material and, as noted above, can also cause the grain size to change due to RX. The proposed model, based on a simple one developed by Le and Kochmann [6] for continuous dynamic recrystallization (CDRX), describes the evolution of the dislocation density and the grain size on a thermodynamically consistent basis, as follows.
Consider the energy conservation during plastic deformation, but neglect the elastic strain energy of the macroscopic deformation as it is stored reversibly (see [6] for more details). Thus only dissipative terms are included, giving
where g p is the rate of change of the shear equivalent plastic strain, Q is the rate per unit volume at which mechanical work is dissipated as heat, and U m is the rate per unit volume at which plastic work is stored in the microstructure (the latent heat rate) [10] . As is well known, the left hand side of eq. (2) is the rate per unit volume at which the applied loads do provide plastic work to the material. Defining now a latent heat capacity as the fraction, k , of plastic work being stored in the microstructure, then,
At this point it is useful to describe the microstructural energy, U m , as estimated by Berdichevsky [11] as a function of the two microstructural parameters, such that U m r,d
where k is a constant, c is a grain shape factor (its value is 3 if we consider spherical grains), G s is the surface energy of the grain boundary, and s  is a theoretical saturation limit for the dislocation density; i.e. in the absence of RX s  is the maximum dislocation storage capacity.
By substitution of eq. (1) and eq. (4) into eq. (3) a differential equation in the rate of change of the two main variables  and d is obtained k m
As many theories and experiments indicate, RX commences only after a critical amount of plastic deformation is reached, associated with instability in the intragranular dislocation structure [12] [13] [14] . This instability leads to the creation of low angle subgrain boundaries condensed from existing dislocations in the microstructure. At this point RX has started and all existing dislocations and many of the new ones produced will eventually be adsorbed into the subgrain boundaries, causing increasing misorientation across them until new, distinct, refined grains are created.
From now on, microstructural evolution is divided into two main stages: prior to Recrystallization, and during Recrystallization (equivalent to Stage I and Stage II respectively in the model proposed by Le and Kochmann [6] ).
Prior to Recrystallization
Before RX starts, grain size is approximately uniform and constant, equal to the initial value 0 dd  [6] . Experiments show that in this stage the biggest contribution to strain hardening is due to the continuous increase of dislocation density due to their multiplication at sources [14, 15] . In this situation the evolution of the dislocation density,  , is associated with two competing processes; their multiplication in Frank-Read sources, and dynamic recovery due to dislocationdislocation annihilation, as described by Kocks [16] in the formula, ¶r ¶g p
In eq. (6) the constant 1 k describes the Frank-Read dislocation loop process and leads to an increase in the dislocation density, while k 2 g ,T ( ) describes dynamic recovery, and leads to a decrease in  . As indicated, k 2 depends on the shear equivalent strain rate, g , 1 , and on T , the temperature. The solution for eq. (6) that Kocks [16] provided, for constant strain rate and temperature, is
where, A is the activation energy for dynamic recovery. Equation (5) following substitution of eq. (7), for 0 dd  and d = 0, becomes,
After substitution of eq. (7) into eq. (1), for 0 dd  , one finally obtain a formulation for the strain hardening that has the same form as the Voce law [17] , 
which is independent of temperature and strain rate. For this reason 0  is considered to be a material parameter [16] .
Measure of the Latent Heat Capacity
The first term on the right hand side of eq. (4) shows the relationship between latent heat m U and dislocation density  . For very small dislocation density the former becomes a linear function of the latter, since the lattice distortion energy, for a unit line dislocation, is
Linearization of eq. (4) with respect to  , comparison with eq. (11), and substitution of eq. (10) and eq. (8) into it, gives, 
During Recrystallization
Dislocation density accumulates until a critical level c   is reached, and RX starts. As a consequence a critical amount of plastic strain, necessary to obtain c  , initiates RX. Some theories exist for the evaluation of c  [12] [13] ; in the proposed model, the value arises from a condition of instability leading to the RX process, associated with the maximum value of  for which the condition U m > 0 holds. This is in agreement with the hypothesis of Le and Kochmann [6] ; its evaluation is reported in paragraph 3.2, below.
A steady state in the yield strength is commonly assumed during continuous dynamic recrystallization CDRX e.g. [6, 12] , finding good agreement with experiments [14] [15] . This means that the strain hardening due to dislocation multiplication is balanced by a combination of dynamic recovery and dislocation adsorption by generation of new grains. This hypothesis can be written, ,ss yy
where t y,ss is the steady state value. From eq. (13) and eq. (1), the following can be written, 
Eq. (14) and eq. (8) can be substituted into eq. (5) to give the differential equation, 
whose solution gives a relationship between grain size d and plastic strain p  . The critical dislocation density c  at which RX commences is undetermined at this stage, but is discussed in Section 3.3 in conjunction with calibration of the model.
Calibration of the model
To use the model for the Aluminum alloy Al 6061-T6 the material parameters are given in Table  1 , together with their sources.
Parameter
Value for Al 6061-T6 
Description of the machining experiment
The proposed model has been calibrated for a machining experiment on the Aluminum alloy Al 6061-T6 performed by Shankar et. al. [1] . The test consists in material removal with a cutting tool that has the cutting surface oriented with a specific rake angle  with respect to its trajectory. The depth of removed material 0 a is called the feed and it corresponds to the initial thickness of the chip a before it is removed. The removal is done by advancement of the tool at a controlled cutting speed
at room temperature. Frictional heat generation at the interface between the cutting tool and the chip is expected with a consequent increase in the temperature of the specimen within the chip and on the machined surface. For a sufficiently low cutting speed, as measured in the referenced experiments [1] , the temperature rise is negligible.
In Figure 1 a schematic representation of the experiment is shown and in Table 2 rake angle, feed and cutting speed of the experiment considered [1] are reported. In this table, shear plastic strain produced inside the chip is also reported as it can be estimated from  and the measure of a ; three values are shown as three different rake angles have been used to obtain 3 sets of results. In Figure 1 , the primary deformation zone (PDZ) is shown to extend from the edge of the cutting tool along the foot of the chip, and represents the boundary between the un-deformed material being removed and the deformed material inside the chip. 
Calibration on Vicker Hardness
From experiments on machining for Al 6061-T6 carried out by Shankar et al. [1] , evolution of Vickers hardness v H with respect to the plastic strain p  has been measured and reported as in Figure 2 . A linear relationship between Vickers hardness and yield strength is well established and given by
. Therefore from Figure 2 the evolution of the yield shear strength with plastic shear strain can be obtained. It is hypothesized that RX initiates at small plastic strain, so that it can be assumed that a steady state condition exists for the hardness values (and consequently for the yield strength) for all experimental data points shown in Fig. 2 , other than that at zero plastic strain when the hardness of the material is that prior to machining.
A value for the steady state Hardness , v ss H has been determined from the data on a least squares fit, while the hardness reported in [1] 
The hypothesis of steady state hardness allows it to be fitted to the data in Figure 2 in such a way that at least one of the extremities of each error bar is within 2% of the estimated hardness. In the experiments on machining [1] , a low cutting speed of 10 mm/s was adopted in order to minimize the influence of the shear strain rate g and the temperature T in the mechanical behavior of the specimen. This condition further validates the hypothesis of steady state behavior in the yield strength in all the experiments shown in Figure 2 since the influence of strain rate and temperature is negligible, and thus all the points shown belong to the same stress-strain curve for materials all in the same condition 2 .
Critical condition for initiation of Recrystallization
RX starts after a critical density of dislocations is reached that constitutes an unstable configuration, giving rise to nucleation of new grain boundaries. However, during continuing RX (i.e. CDRX) plastic work is partly dissipated by heat, but a positive fraction of the plastic work is stored in the microstructure [6] . Since the right hand side of eq. (15) is this fraction of the plastic work, given the current model it must remain positive and finite. Our physical picture is that upon initiation of RX there is a burst of it associated with the instability of the dislocation network, and the rate of change of grain size becomes equal to  . In this situation the only way to keep the left hand side of eq. (15) positive and finite is if the coefficient of d goes to zero. We take this to be the signature of the instability of the dislocation network initiating RX. This condition, at RX initiation (where 0 dd  ), gives the following equality,
From eq. (19) one obtains, 
When these parameters are calibrated it is important to ensure that the algorithm arising from the equations operates on the correct branch of the response, thereby causing the grain size to diminish and not increase. This condition can be assured by selecting a value for c  slightly below the result in eq. (21).
Considering the values for the physical parameters of aluminum alloy Al6061-T6 reported in Table 1 Note that the value of c  from Eq. (22) is well below the strain value for all the data points in Figure 2 . This observation is consistent with the fact that RX has occurred for all these data.
Results
After the calibration of the model, the plot of eq. (15) for grain size prediction is inferred, and a comparison of this result with experimental data from machining is reported in Figure 3 , from Table 1 ), is not captured by the model, which tends to give a continual decrease in the grain size throughout the entire domain reported in the figure.
The evolution of the dislocation density is reported in Figure 4 , where a continual decrease can be seen. In this figure, the dislocation density is normalized by the saturation density r s ; the initial ratio is r c / r s = 0.147 ( ) 2 = 0.0216 , and the ratio decreases to zero for very large plastic strains. When zero dislocation density is reached, it is not possible to generate new grain boundaries, therefore microstructural evolution is completed and other deformation mechanisms have to come into play.
As a first approximation, all the material parameters have been considered constant during the whole process of recrystallization. The reason for this assumption relies on the shorter time frame in which the process occurs, being based on dislocation glide, with respect to phenomena such as temperature rise by frictional heat generation (for the case of machining) etc. After recrystallization is complete, annealing effects are expected as a consequence of heat generations, creating coarsening of the grain structure via grain growth. In alloys such Al 6061-T6, precipitates of the secondary phases tend to pin the grain boundaries and prevent them from moving, therefore preserving the refined grain structure.
Discussion
The proposed model gives a good prediction of the evolution of the average grain size as evidenced in Figure 3 , it is much simpler than other proposed models [19, 20] , having fewer physical parameters, and it can be calibrated easily for any large plastic strain experiment for any polycrystalline metal.
As stated at the beginning of this paper, the proposed model is inspired by the one introduced by Le and Kochmann [6] , but goes beyond it. In the approach used, a principal difference from the Le and Kochmann [6] model is the finite value for the initial hardening q 0 , which becomes a key parameter for calibration. Furthermore the initial stage of the model is similar to the Kocks [16] model for dislocation density evolution and agrees with it. Thus based on calibration at any given temperature and strain rate, our model can be adjusted for any other values of strain rate and temperature causing the RX process.
As can be seen in Figure 3 , the prediction of the grain size from the model gives good qualitative agreement and reasonable quantitative matching at the nanoscale, confirming an increasing grain refinement for larger plastic deformations. These results confirm that the goal of achieving nanometric scale grains is feasible as an outcome of machining.
After zero dislocation density is reached for very large plastic strains, as anticipated in section 4, other deformation mechanisms needs to be considered in order to accommodate further plastic deformations without dislocation motion. The most widely accepted mechanism consistent with this requirement is grain boundary sliding, and a new model that accounts for it is already in preparation, to be published in future work.
Implementation of the model
The proposed model is suitable for implementation in a user subroutine for any finite element (FE) software. In this section the general approach for the implementation of the model, for the prediction of the microstructural evolution, is provided. An isotropic von Mises yield criterion is considered, and a backward Euler formulation is used to compute equivalent plastic strain e p = g p / 3 and equivalent yield strength s y = t y 3 at each step.
The function that governs the evolution of the yield surface is defined piecewise; for an equivalent plastic strain that is smaller than the critical value for RX initiation e p < e c , with e c = g c 3 , eq. (9) can be used; while for larger strains e p ³ e c the yield strength becomes steady state (giving perfect plasticity) and equivalent to s y, ss = t y,ss 3.
Determination of the microstructural parameters can be done by solving eq. (15) numerically in order to obtain the average grain diameter d from the computed g p . The dislocation density can be then obtained by substitution of that value for d in eq. (14) and hence  can be evaluated.
The implementation of this model has been done in the FE software Advant Edge (Third Wave Systems) [http://www.thirdwavesys.com/], and results for the prediction of the equivalent plastic strain, average grain size and dislocation density are shown in Figures 5-8 for the first experimental point on the left shown in Figure 3 , corresponding to 20   . Coulomb friction has been considered at the interface between the chip and the cutting tool, with a coefficient of 0.5 , 3 .
In Figure 5 the distribution of the equivalent plastic strain is reported, and the average value within the chip is
where c  represents the chip domain. The value reported in eq. (23) gives 1.7 p   , in agreement with the value reported on the abscissa for the first experimental point on the left in Figure 3 . A thin layer that extends ~ 50 m  below the machined surface is shown to have the same average value of plastic strain as the chip (its thickness is indicated with t ).
In Figure 6 the distribution of Von Mises stress is reported. In the proximity of the primary deformation zone PDZ (green and yellow shadings) the material is in the elasto-plastic regime and the Von Mises stress can reach its maximum value corresponding to the maximum yield strength given by eq. (17) (yellow shading). Far away from the PDZ the material is in elastic regime (blue and cyan shadings).
In Figure 7 the distribution of the grain size is reported; the maximum value of 
can be seen within the chip domain (blue shading) and is equivalent to the average value that can be seen in the thin layer that extends below the machined surface. Intermediate values, between the one reported in eq. (24) and 0 d , can be seen in the primary deformation zone (PDZ) and below the thin layer.
In Figure 8 the distribution of dislocation density is reported. The maximum dislocation density corresponds to the critical density for RX initiation, and occurs at the left end of the PDZ and below the thin surface layer (red shading), corresponding to the fact that dislocations tend to accumulate until the critical density for RX initiation is reached, following the law reported in eq. (7) . After this density is reached, continued plastic strain can only reduce the density because of dislocation absorption by new grain boundaries, as shown in Figure 4 . As a result, on the right end of the PDZ, within the chip domain, and within the thin surface layer, the dislocation density is smaller than the maximum value obtained in the calculation,   
Conclusions
A thermodynamically consistent constitutive model that accounts for grain refinement by continuous dynamic recrystallization (CDRX) has been provided in this paper. This model creates a link between the energy stored by the microstructure (the latent heat) and the process of CDRX, and it predicts the feasibility of obtaining nanostructured metals with processes involving severe plastic deformation (SPD) such as cold work. Despite the simplicity of the model, a qualitative matching in the prediction of the microstructural evolution, for grain diameters at the nanoscale, is obtained.
The proposed model can be calibrated for any experiment involving cold work and for any polycrystalline metal. As discussed in this paper, for machining experiments performed at sufficiently low cutting speed, and thus involving a low strain rate, the temperature rise can be negligible and thermal softening is absent. In such cases the hypothesis of steady-state yield strength during CDRX is valid. Thus the model presented in this paper can be used in simulations of processes involving SPD if the strain-rates are low enough to avoid thermal softening. Figure 5 . In the proximity of the primary deformation zone PDZ (green and yellow shadings) the material is in the elasto-plastic regime and the Von Mises stress reaches its maximum value that corresponds to the maximum yield strength given by eq. (17). Far away from the PDZ the material is in elastic regime (blue and cyan shadings). 
